Existence theory to quasi-static initial-boundary value problem of poroplasticity is studied. The classical quasi-static Biot model for soil consolidation coupled with a nonlinear system of ordinary differential equations is considered. This article presents a convergence result for the coercive and monotone approximations to solution of the original non-coercive and non-monotone problem of poroplasticity such that the inelastic constitutive equation is satisfied in the sense of Young measures.
Introduction
The concept of porous media is used in many areas of applied sciences and engineering for example: geomechanics, soil mechanics, rock mechanics. Porous materials are brittle, granular and they are often saturated by some liquids or gases. In this work we present mathematical analysis for quasi-static model in poroplasticity, which was introduced by W. Ehlers in [8] . These equations have a structure similar to the one from the theory of inelastic behavior of metals: linear partial differential equations (Biot model, see for more details [9] ) are coupled with nonlinear ordinary differential equations describing inelastic deformation (constitutive equations).
The equations of the theory of poroplasticity can be written in the form div x T (x, t) − ∇ x p(x, t) = −F (x, t),
ε(x, t) = ∂ P ∂ T T (x, t) .
(1.1) (the last equation). This inelastic constitutive relation was proposed by W. Ehlers in [8] and it is very often used in practice (the physical meaning of this equation can be also found in [8] Moreover, we assume that Y (0) = 0 and F (0) = 0.
The system (1.1) will be considered with Dirichlet boundary conditions u(x, t) = g D (x, t) for x ∈ ∂Ω and t 0, p(x, t) = g P (x, t) for x ∈ ∂Ω and t 0, (1.2) and with initial conditions
(initial condition for the displacement means that we only know the divergence of u(x, 0)). The free energy function associated with the system (1.1) is given by the formula ρψ ε, ε
where ρ is the mass density which we assume to be constant. Note that the function
satisfies the second law of thermodynamics: −ρ∇ ε p ψ(ε, ε p ) · N(T ) 0 (P is a homogeneous convex polynomial). This inequality is called the dissipative inequality (see [1] for the definition). The total energy is of the form:
We note, that the quadratic form ψ in (1.4) is only semi-positive definite. Thus, our model is non-coercive (we say that the model from the inelastic deformation theory is coercive if the free energy function associated with this model is positive definite). Moreover, the constitutive function N : S 3 → S 3 is not monotone. Therefore, our model is non-monotone (for the definitions see [1] ). To the system (1.1) we will use a coercive approximation and monotonisation procedure, which we will call a monotone approximation. In the literature there are not any mathematical results for this non-monotone model of poroplasticity. In [10] the existence theory for a model of monotone-gradient type in poroplasticity (the constitutive function can be written as a gradient of a convex function) was studied only. In the literature we can also find the article [11] , where the authors consider the model describing the diffusion in poroplastic materials. Model from [11] is also of monotone type, because the nonlinear constitutive function is monotone. Moreover, most engineering models of inelastic behavior of metals are not coercive but these are sometimes monotone. In the article [6] the existence theory for non-coercive quasistatic models in inelastic deformation theory was studied. Strict monotonicity on the nonlinear constitutive equation is the main assumption in [6] . Under this assumption authors, using Young measures, could pass to the limit in the coercive approximation.
The considered constitutive function is non-monotone. Therefore, we define a new notion of a solution (for the definition see Section 3, Definition 3.1). This notion of a solution is weaker than the weak-type solution introduced in [2] . Definition from [2] was used for a model of monotone-gradient type in poroplasticity in [10] . In this paper we could only show that first two equations in (1.1) are satisfied in the "weak sense" (see Definition 3.1) and the inelastic constitutive equation is satisfied in the sense of Young measures.
Approximation procedure
In this section we approximate the problem (1.1) by a coercive and monotone problem. The idea of coercive approximation can be found in [4] . The idea of monotonisation is that we add to the constitutive function N in (1.1) a monotone polynomial multiplied by a coefficient which will pass to zero. This polynomial will be a gradient of a convex function and it will have higher degree than the degree of N. Therefore, we will get a monotone structure.
Let η > 0 and β > 1, then the approximation is defined by
The free energy function associated with the system (2.1) is given by the formula
The problem (2.1) is considered with the Dirichlet boundary conditions
and additionally g D (0) and div u 0 satisfy 
Note that the class LM is equal to the class of Lipschitz perturbations of monotone vector fields (see [5] for more details).
Lemma 2.2. Assume that β > 1 is not less than
Then for all η > 0 and T ∈ S 3 the nonlinear constitutive function
belongs to the class LM.
Proof. Note that
where T * belongs to the segment with ends T 1 and T 2 . Therefore, it is sufficient to prove that there exists a constant L > 0 such that
(2.9)
We easily calculate
where I 9×9 denotes the 9 × 9 identity matrix. Let C > 0 be a constant such that the inequality
From the assumption, such a constant C exists because the matrix
is positive definite for all T ∈ S 3 . Therefore, for T * ∈ {|T | > C } the inequality (2.9) is satisfied ( P is a convex polynomial). For T * ∈ {|T | C } we obtain that the coefficients of quadratic form on the left-hand side of (2.9) are bounded. The proof is complete. 2
Before we formulate the existence theorem for each approximation step, let us consider the following problem
with boundary conditions 
.
Proof. Notice that the system (2.10) with (2.11) is the Stokes problem (see for instance [12] ), so the proof will be omit-
From Lemma 2.2 we know that the constitutive function in (2.1) has monotone structure. Now, we are ready to formulate the existence of solutions for each approximation step. 
Proof. In Section 4 of the paper [10] the existence and uniqueness results to a model of gradient type in poroplasticity (constitutive function G can be written as the gradient of a convex function) was proved. Observe that
Moreover, the degree of the polynomial N is less than the degree of ∇ M. Using the same methods as in [10] we can easily show the existence and uniqueness for problems from the class LM and the details are left to the reader. 2
Let us calculate the time derivative of the energy
Moving the second term to the left and integrating (2.12) with respect to t we arrive at the equation
The third term on the left-hand side of (2.13) satisfies the dissipative inequality. We use Cauchy inequality to the second term of the right-hand side of (2.13). Next, from Lemma 2.3 and Theorem 2.4 we obtain that for all η > 0,
Main theorem
Before we present the main result of this paper, we define a new notion of the solutions of the initial-boundary value problem (1.1)-(1.3). 
Definition 3.1. Suppose that the given data satisfy (2.5)-(2.8). Moreover, let
where the first equation is satisfied for allv ∈ H 1 0 (Ω; R 3 ) and for almost all t ∈ (0, T ), the second equation is satisfied
2. The fifth equation in (1.1) is satisfied in the sense of Young measures i.e.
where ν (x,t) is the Young measure generated by the sequence {T η }.
To pass to the limit in the system (2.1) and trying to obtain the standard weak-type of the solutions (as in [10] ) we have to get, from the energy estimate for the time derivatives of the approximate sequence that div u
independently of η. 
The idea of the proof of the theorem above is: first we will prove that the approximation functions are bounded independently of η, finally we will pass to the limit η → 0 + .
Energy estimate
This section is the main part of the proof of Theorem 3.2. We are going to prove some bounds of the approximate solutions and their derivatives. First, note that from the assumptions on the given boundary data, we have that there exists
. Therefore, the system (2.1) can be written in the form:
Now we are ready to prove some estimates for the approximation sequence.
Theorem 4.1 (Energy estimate). Suppose that our data have regularity required in (2.5)-(2.8). Additionally assume that
F , F t ∈ L ∞ (0, T ; L 3 (Ω; R 3 )). Moreover, let β > r > r = α deg(Y )(deg(Y ) − 1) > 1. Then,
there exists a positive constant C (T ) (not depending on η) such that the inequality
holds.
Proof. Again, we calculate the time derivative of the energy
Integrating three times by parts in the first integral, using first two equations in (4.1), and integrating the whole inequality with respect to time we obtain
From Lemma 2.3 the first term on the right-hand side of (4.3) is bounded independently of η. The second term on the right-hand side of (4.3) is estimated as follows:
Using regularity of F , u η (0) we see that the last integral in (4.4) is bounded. Using Hölder inequality to the second integral in (4.4) we get
(see for example [13] ). Therefore,
dτ .
(4.6)
Using Cauchy and Young inequalities on the right-hand side of (4.6) we obtain
where ν > 0 is any positive number and C (Ω, β, ν) > 0 does not depend on η. Estimating the third integral in (4.4), similarly to the second integral in (4.4) and using the following inequality
dτ . (4.9) From the inelastic constitutive equation we have (note, that 1 +
(4.10)
The third term on the right-hand side of (4.3) is estimated just like the second term. Moreover, the fourth term on the right-hand side of (4.3) is moved to the left and other terms on the right-hand side of (4.3) are bounded by the standard methods: continuity of the trace operator and the weighted Cauchy inequality (see for instance [10] ). Therefore, if using the inequalities (4.7)-(4.10) then we obtain that the inequality 
(4.13)
Note, that the constants D > 0 andD > 0 not depend on η, there only depends on the polynomials P and Y . Therefore, using (4.12)-(4.13) in the inequality (4.11) we can choose ν > 0 so small that the inequality
dτ (4.14)
is satisfied forT η ∈ {|T | > D}. Observe, that forT η ∈ {|T | D} the last integral on the right-hand side of (4.11) is bounded independently of η > 0. So, in the inequality (4.11) we can choose ν > 0 so small that the inequality 
Passing to the limit in the sense of Young measures
Before we start proving Theorem 3.2, we would like to present the main theorem from [3] . [3] .) Let Ω ⊂ R n be Lebesgue measurable, let K ⊂ R condition from Theorem 5.1 is satisfied). By Theorem 5.1 we conclude that the weak limitχ is in the form
Theorem 5.1 (The fundamental theorem for Young measures). (See
χ(x, t) = S 3 F Y (S) ∂ P ∂ T (
S) dν (x,t) (S).
The proof is complete. 2
